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The correlation between the charge-order wave vector QCD and second-neighbor hopping t
′ in
cuprate superconductors is studied based on the t-t′-J model. It is shown that the magnitude of the
charge-order wave vector QCD increases with the increase of t
′, and then the experimentally observed
differences of the magnitudes of the charge-order wave vector QCD among the different families of
cuprate superconductors at the same doping concentration can be attributed to the different values
of t′.
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The charge-order correlation, as a competing phe-
nomenon to superconductivity, is a common feature of
cuprate superconductors1–9. In particular, the elec-
tron Fermi surface (EFS) measurements in the angle-
resolved photoemission spectroscopy (ARPES) exper-
iments demonstrated a close connection between the
charge-order wave vector QCD and the wave vector con-
necting the tips of the Fermi arcs1,2,6, which in this case
coincide with the hot spots on EFS, providing an evi-
dence that the charge-order correlation is a natural con-
sequence of the EFS instability. However, the magni-
tudes of the charge-order wave vector QCD are different
for the different families of cuprate superconductors at
the same doping concentration1–9. In this case, a sys-
tematic investigation of the different magnitudes of the
charge-order wave vectors among the different families
of cuprate superconductors is useful for the understand-
ing of the physical origin of the charge-order formation.
Very soon after the discovery of superconductivity in
cuprate superconductors, Anderson10 argued that the es-
sential physics of cuprate superconductors is contained
in the t-J model on a square lattice, with t and J that
are the nearest-neighbor hopping and nearest-neighbor
spin-spin antiferromagnetic exchange, respectively. How-
ever, the experimental data detected from various tech-
niques have introduced important constraints on the mi-
croscopic model11–15. In particular, the early ARPES
experiments13–15 indicated that the electronic structure
and the related overall EFS in cuprate superconductors
can be properly described only by generalizing the t-J
model to include the second- and third-nearest neighbor
hopping terms t′ and t′′. Furthermore, the experimental
analysis15 also showed that the superconducting transi-
tion temperature Tc in the different families of cuprate
superconductors is strongly correlated with t′. However,
it has been shown experimentally that the values of t
and J are almost common for the different families of
cuprate superconductors, and only the values of t′ and
t′′ are different11–15. In this case, a question is raised: is
there a correlation between the experimentally observed
differences of the magnitudes of the charge-order wave
vector QCD among the different families of cuprate su-
perconductors at the same doping concentration and the
second-nearest neighbor hopping t′.
In the recent studies, the nature of the charge-order
correlation in cuprate superconductors and its evolu-
tion with doping have been discussed based on the t-
t′-J model in the charge-spin separation fermion-spin
representation16–18, and the results show that the charge-
order state is driven by the EFS instability, with a charac-
teristic wave vector corresponding to the hot spots of the
Fermi arcs. Although the Fermi arc increases its length
as a function of doping, the charge-order wave vector
reduces almost linearity with the increase of doping17.
Moreover, this charge order generates a coexistence of the
Fermi arcs and Fermi pockets19. In this paper, we dis-
cuss the correlation between the charge-order wave vector
QCD and second-neighbor hopping t
′ in cuprate super-
conductors along with this line. Our result shows that the
magnitude of the charge-order wave vector QCD increases
with the increase of t′, and then the experimentally ob-
served differences of the magnitudes of the charge-order
wave vector QCD among the different families of cuprate
superconductors at the same doping concentration1–9 can
be attributed to the different values of t′. Our result
also shows that the EFS shape itself is influenced by the
second-neighbor hopping t′.
The charge-order correlation features a tendency to-
ward a periodic self-organization of the charge degrees
of freedom in the system1, and such a physical property
should be reflected in the low-energy electronic struc-
ture. To discuss the correlation between the charge-
order wave vector QCD and the second-nearest neigh-
bor hopping t′, we first need to understand the nature
of EFS, which is determined by the poles of the elec-
tron Green’s function. Within the t-t′-J model in the
charge-spin separation fermion-spin representation, the
electron Green’s function of cuprate superconductors in
the normal-state has been evaluated in terms of the full
charge-spin recombination17–19, and can be expressed ex-
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FIG. 1: (Color online) The spectral intensity maps A(k, 0) at the Fermi energy with doping concentration δ = 0.12 for (a)
t′/t = 0.1, (b) t′/t = 0.2, (c) t′/t = 0.3 and (d) t′/t = 0.4 with t/J = 2.5 in T = 0.002J .
plicitly as,
G(k, ω) =
1
ω − εk − Σ1(k, ω) , (1)
where the bare electron excitation spectrum εk =
−4tγk + 4t′γ′k + µ, with γk = (coskx + cosky)/2 and
γ′k = coskxcosky, while the electron self-energy Σ1(k, ω)
arises from the interaction between electrons by the ex-
change of spin excitations, and has been given in Ref. 17.
The electron function A(k, ω) on the other hand can be
obtained directly from the electron Green’s function (1)
as,
A(k, ω) =
2|ImΣ1(k, ω)|
[ω − εk − ReΣ1(k, ω)]2 + [ImΣ1(k, ω)]2 , (2)
where ImΣ1(k, ω) and ReΣ1(k, ω) are the corresponding
imaginary and real parts of Σ1(k, ω), respectively.
Now we turn to discuss the correlation between the
charge-order wave vector QCD and second-neighbor hop-
ping t′ in cuprate superconductors. As we have shown in
our previous study16–18, the charge-order state in cuprate
superconductors is driven by the EFS instability, with
the charge-order wave vector corresponding to the hot
spots of the Fermi arcs. However, for the discussions
of the correlation between the charge-order wave vector
and second-neighbor hopping t′, we have performed a
calculation for the electron spectral function A(k, 0) in
Eq. (2) at zero energy with different values of t′, and
the results of the maps of the spectral intensity A(k, 0)
at the Fermi energy and doping δ = 0.12 with temper-
ature T = 0.002J for parameters (a) t/J = 2.5 and
t′/t = 0.1, (b) t/J = 2.5 and t′/t = 0.2, (c) t/J = 2.5
and t′/t = 0.3, and (d) t/J = 2.5 and t′/t = 0.4 are
plotted in Fig. 1, where the highest peak heights on
the contours are located at the hot spots, which ap-
pear always at the off-node places, in agreement with
the ARPES experimental data2,20,21. The results in Fig.
1 show clearly that there are two continuous contours
in momentum space, which are labeled as kF and kBS,
respectively. However, the low-energy spectral weight
at the contours kF and kBS around the antinodal re-
gion has been suppressed, and then the low-energy elec-
tron excitations occupy disconnected segments located
at the contours kF and kBS around the nodal region. In
particular, the tips of the disconnected segments on the
contours kF and kBS converge at the hot spots to form
a closed Fermi pocket, leading to a coexistence of the
Fermi arc and Fermi pocket19,22–25, where the discon-
nected segment at the first contour kF is so-called the
Fermi arc, and is also defined as the front side of the
Fermi pocket, while the other at the second contour kBS
3is associated with the back side of the Fermi pocket. On
the other hand, the curvatures of the Fermi arc kF and
back side of the Fermi pocket kBS are strongly sensitive
to the second-neighbor hopping t′, and then the area of
the Fermi pockets increases with the increase of t′, indi-
cating that t′ plays a crucial role in the EFS reconstruc-
tion. Moreover, the most of the electron quasiparticles
are accommodated at the hot spots, and then the electron
quasiparticles are scattered between two hot spot regions
connected by the charge-order wave vector QHS and the
same electron quasiparticle scattering causes the charge-
order formation1–9,16–18. Our present results in Fig. 1
also show that the magnitude of the charge-order wave
vector QHS increases with the increase of t
′. To show this
point more clearly, the result for the extracted charge-
order wave vector QHS as a function of t
′ at δ = 0.12
for t/J = 2.5 with T = 0.002J is plotted in Fig. 2,
where QHS grows linearly with the increase of t
′. It is
thus shown that the experimentally observed differences
of the magnitudes of the charge-order wave vector QCD
in the different families of cuprate superconductors at the
same doping concentration are attributed to the different
values of t′. In particular, the charge-order wave vector
connecting the hot spots is found to be QHS ∼ 0.265 in
Fig. 1 for t/J = 2.5 and t′/t = 0.1, closely matching
the experimental value2 of the charge-order wave vector
QCD ∼ 0.26 found in Bi2Sr2−xLaxCuO6+δ at the doping
regime around δ ≈ 0.12.
H
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FIG. 2: The charge-order wave vector as a function of the
second-neighbor hopping at δ = 0.12 for t/J = 2.5 with T =
0.002J .
The essential physics of the correlation between the
charge-order wave vector QCD and second-neighbor hop-
ping t′ in cuprate superconductors is the same as that of
the charge-order state driven by the EFS instability16–18.
The locations of the continuous contours in momentum
space are determined directly by the poles of the elec-
tron Green’s function (1) at zero energy, while the in-
tensity of the low-energy electron excitation spectrum at
the continuous contours is inversely proportional to the
imaginary part of the electron self-energy ImΣ1(k, ω). In
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FIG. 3: The angular dependence of the electron quasiparticle
scattering rate on the electron Fermi surface at δ = 0.12 with
t/J = 2.5, t′/t = 0.3, T = 0.002J .
particular, the dynamical electron quasiparticle scatter-
ing rate Γ(k, ω) is directly related to this imaginary part
of the electron self-energy as Γ(k, ω) = ImΣ1(k, ω). On
the other hand, the electron self-energy Σ1(k, ω) in Eq.
(1) can be also rewritten as17–19,
Σ1(k, ω) ≈ [∆¯PG(k)]
2
ω + ε0k
, (3)
where the corresponding energy spectrum ε0k and
the momentum dependence of the pseudogap ∆¯PG(k)
can be obtained directly from the electron self-
energy Σ1(k, ω) and its antisymmetric part Σ1o(k, ω)
as ε0k = −Σ1(k, 0)/Σ1o(k, 0) and ∆¯PG(k) =
Σ1(k, 0)/
√−Σ1o(k, 0), respectively. In this case, the dy-
namical electron quasiparticle scattering rate Γ(k, ω) can
be expressed in terms of the pseudogap as Γ(k, ω) =
2pi[∆¯PG(k)]
2δ(ω + ε0k). As a consequence of the pres-
ence of the pseudogap19, the electron energy band has
been split into the antibonding band and bonding band,
respectively, and then the first contour kF in Fig. 1, rep-
resents the contour in momentum space, where the elec-
tron antibonding dispersion along kF is equal to zero,
while the second contour kBS in Fig. 1, is the contour
in momentum space, where the electron bonding disper-
sion along kBS is equal to zero. However, the pseudo-
gap ∆¯PG(k) is strong dependence of momentum
17–19,26.
To see this strongly anisotropic pseudogap in momen-
tum space clearly, we plot the angular dependence of the
electron quasiparticle scattering rate Γ(kF, 0) on EFS at
δ = 0.12 with T = 0.002J for t/J = 2.5 and t′/t = 0.3 in
Fig. 3. Moreover, we have also found that the angular
dependence of the electron quasiparticle scattering rate
Γ(kBS, 0) along the back side of the Fermi pocket is very
similar to that of Γ(kF, 0). In Fig. 3, it is shown clearly
that Γ(kF, 0) (then the pseudogap) has a strong angu-
lar dependence with the actual maximum at the antin-
ode, which leads to that the low-energy electron spectral
4weight at the contours kF and kBS around the antin-
odal region is gapped out by the pseudogap. However,
the actual minimum does not appear around the node,
but locates exactly at the hot spot kHS, which leads
to that the tips of these disconnected segments on kF
and kBS converge on the hot spots to form the closed
Fermi pocket around the nodal region, generating a co-
existence of the Fermi arcs and Fermi pockets19. This
special structure of the momentum dependent electron
quasiparticle scattering rate in Fig. 3 also leads to that
the remarkable peak-dip-hump structure in the electron
spectrum of cuprate superconductors27–30 is absent from
the hot-spot directions18,19. Furthermore, these electron
quasiparticles are scattered between two hot spot regions
connected by the characteristic wave vector QHS, and
then this electron quasiparticle scattering therefore in-
duces the charge-order formation17,18. In particular, as
shown in Fig. 1, with the increase of the values of the
second-neighbor hopping t′, the position of the hot spots
moves towards to the nodes, which therefore leads to that
the charge-order wave vector QHS connected by the hot
spots on the straight Fermi arcs increases with the in-
crease of t′. This is why the differences of the magni-
tudes of the charge-order wave vector QCD can be ob-
served experimentally in the different families of cuprate
superconductors at the same doping concentration.
In summary, we have discussed the correlation between
the charge-order wave vector QCD and second-neighbor
hopping t′ in cuprate superconductors based on the t-
t′-J model. Our results show that the magnitude of the
charge-order wave vector QCD increases with the increase
of t′, and then the experimentally observed differences
of the magnitudes of the charge-order wave vector QCD
among the different families of cuprate superconductors
at the same doping concentration are attributed to the
different values of t′.
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